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Abstract— In this paper, a polynomial set  is 

introduced which yields the above in mentioned polynomial as its 

particular cases. When the limit technique is applied. After defining 

the polynomial by R.K. Singh [6,7,8], the series representation 

elementary properties of Hypergeometric form and recurrence 

relations have been obtained. Moreover, one contiguous relation has 

also been deduced the paper is concluded by giving some interesting 

results and then deducing Hypergeometric form for 
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1. Definition: We define the sequence  (α,β)
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where , , a, b, c are real numbers and  is non-negative 

integer.  

2. Series representation: By definition 
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Equating the coefficients of tn on both sides, we have 
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The relation (2.2) may put in the form              
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Hence, we obtain the series form as 
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where fq(b,) is defined in (2.3). The relation (2.2) may be 

written in the form  
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Remarks: The series on the R.H.S. of (2.2) is convergent. If b 

> 1 when 
m
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Note: For simplicity, 
( , )

nQ (x;a,b,c, )    will be 

written as 
nQ (x;a,b) and Qn (x; a, o) stands for the 

particular case when b = 0. 

3. Convergence of fq (b, ). By applying DAlembert’s 

Ratio test, we have                                  
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Hence fq (b, ) is convergent. If b > 1 and divergent if b < 1. 

If b = 1 the limit of the nth terms is not zero. Hence the series 

is divergent.  

4. Conditions for existence of 
( , )

nQ (x;a,b,c, )    

(i)   Either b = 0 or b > 1 

        (ii)  ,  are real numbers and n is a non-negative integer 

which are greater than  ,  b be a non-negative integer.  

(iii) For the convergence of the polynomial se  

      ( , )
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5. Nature of the polynomial 
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This show that Qn (x; a, b) is an eve or odd Polynomial 
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degree (n –  –1). Thus Qn (x; a, b) is a polynomial of degree 

n– in x.               
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polynomial will exist only for n >   

6. Relationship between Qn (x, a, b) and other polynomials: 
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nQ (x;a,b,c, )   defined by (2.1) is a 
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(ii) The polynomial  ( , )

nQ (x;a,b,c, )   will be 

Bernoulli Polynomials given by Rai P.N. and Singh S.N. [4], 
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where En(x) is the Euler polynomials, our polynomial becomes 

Eulerian if we replace x by x



, a  by 1
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where
n (x, )  is Eulerian Polynomial defined by Carlicz [1] 
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where Gn(x) is Genocchi Polynomial.  
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7.  Series Representation continued: The relation (2.1) may 
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Alternatively, we may put (7.1) in the form                      
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Remarks: We may define the Qn numbers for x = 0 and 
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by mean of generating relation                                      
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Now, when  = b = 1 and c = 2, Qn becomes the Bernoulli 

number Bn [Rainville 1960 P – 200(4)], [5]. 

8. Recurrence Relations: Differential Recurrence relations 
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Differentiating on both sides with respect to x.             
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Differentiating again with respect to x, we have                          
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Continuing the above process p times, we have         
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9. Mixed Recurrence Relations: Differentiating both sides  

of (2.1) with respect to x,  
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Continuing on the same lines                  
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In particular, if r = n – , then               
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This result shows that ( , )

nQ (x;a,b,c, )    is polynomial 

of degree n –  in x,  

10. Mixed recurrence relations (continued): 
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(i) By definition     
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n 0 n 0

t t
Q (x;a,b) x Q (x;a,b)

n n

+ 

= =

= −   

Thus, we get          
( 1, )

n n n 1Q (x;a,b) Q (x;a,b) xnQ (x;a,b)− 

−= −  

OR        
( 1, )

n n n 1Q (x;a,b) Q (x;a,b) xn Q (x;a,b)− 

−= +   (10.2) 

(iii) Again  

n
( 2, ) 2

n

n 0

t
c (1 xt)

t c
Q (x;a,b) (1 xt)

n (1 at) b



−


− 

−
=

 
− 

 = −
− −



                             ( )
n

2 2 (x;a,b)

n

n 0

t
1 2xt x t Q

n



=

= − +   

  
n n 1

n n

n 0 n 0

t t
Q (x;a,b) 2x Q (x;a,b)

n n

+ 

= =

= −    

                                             

n 2
2

n

n 0

t
x Q (x;a,b)

n

+

=

+   

Therefore 
( 2, )

n n n 1Q (x;a,b) Q (x;a,b) 2xnQ (x;a,b)− 

−= −   

                                    2

n 2n(n 1)x Q (x;a,b)−+ −  

OR 
( 2, )

n n 1 nQ (x;a,b) 2xn Q (x;a,b) Q (x;a,b)− 

−− =      

                       2

n 2n(n 1))x Q (x;a,b)−− −     (10.3) 

(iv)
n

( , )

n

n 0

t
c (1 xt)

t c
Q (x;a,b,c, 1) (t / c)

n (1 at) b



−


 

−
=

 
− 

  + =
− −


   

                                                
n 1

n

n 0

1 t
Q (x;a,b)

c n

+

=

= 
 

Therefore,          

m n 1cQ (x;a,b,c, 1) n Q (x;a,b)− + =    (10.4) 

In particular, 

(i) 
n n 12D (x;b, 1) n D (x,b, )− + =   

(ii) 
n n 12B (x) n D (r,1,0)−=  

(iii) 
n n 12E (x) n D (x, 1, 1)−= − −  

(iv) 
n 1

1
4 (x, ) n( 1)D x, , 1 −

 
  = − − 

 

 

Similarly, we get 

(v) 2

n n 2c Q (x;a,b,c, 2) n(n 1)Q (x;a,b,c, )− + = −      (10.5)  

(vi) r

n n r

r
c Q (x,a,b,c, r) Q (x;a,b,c, )

n
−

 
 + =  

 

 

where r
n(n 1)........(n r 1)

n

 
= − − + 

 

  

Further,

1n

n

n 0

t
c (1 xt)

t tc
Q (x;a,b,c, 1)

n (1 at) b c



−
−

−
=

 
− 

   − =  
− −  



                                            
n 1

n

n 0

t
c Q (x;a,b)

n

−

=

=   

Hence       

n 1 nnQ (x;a,b,c, 1) cQ (x;a,b)−  − =        (10.6)     

Similarly,            

n 2

2
Q (x 'a,b,c, 2)

n
−

 
 − 

 

2

nc Q (x;a,b)=    (10.7)          

r

n 1 n

r
Q (x;a,b,c, r) c Q (x;a,b)

n
−

 
 − = 

 

   (10.8)   

 11. Contiguous Relations: The result (10.2) in the form of 

contiguous polynomials, Carlson B.C. [2], can be written as         
, ( 1, ) ( , )

n n n 1Q (x,a,b) Q (x;a,b) xnQ (x;a,b)  −   

−= +  

Similarly, the results (10.4) can be written as          
, ( , )

n n 1cQ (x,a,b,c, ) nQ (x;a,b)   

− =  

eliminating the term 
n 1Q (x;a,b)−

, we finally get             

, ( 1, )

n nQ (x;a,b,c, ) Q (x;a,b,c, )  −  =        

                      1

nQ (x;a,b,c, )cx +                     (11.1) 

12. Some Interesting Results: From the definition 
2

2

n
(2 ,2 ) 2

n 2 2
n 0

t
c (1 xt)

t c
Q (x;a,b ,c,2 )

n (1 at) b



− 


 

− 
=

 
− 

 
− −


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t t
c (1 xt) c (1 xt)

1 c c
.

c (1 at) b (1 at) b

 

− −

− −

   
− −   

   = 
− − − +

                 

n m
( , ) ( , )

n m

n,m 0

1 t
Q (x;a,b,c, ),Q (x;a, b,c, )

c n m

+
   

=

=  − 

=                      
( , ) ( , ) nn
(n m) m

n 0 m 0

Q (x;a,b,c, )Q (x;a, b,c, )t1

c n m m

   
−

= =

 − 

−


 Equating coefficients of tn both sides, we have      
(2a,2 ) 2

nQ (x;a,b ,c,2 ) 
n

( , ) ( ,m)

n m m

m 0

n1
Q (x;a,b,c, )Q (x;a, b,c, )

mc

  

−

=

 
=  −  

 


                                
n

n m m

m 0

n1
Q (x;a,b)Q (x;a, b)

mc
−

=

 
= − 

 


    

(12.1) 

using the relation (12.1) the following condition obtained 

which are believed to be new on once. 
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