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Abstract— In this paper, a polynomial set Q'“'g)(x a,b,c,A) is (e B .
introduced which yields the above in mentioned polynomial as its =(— C)l kz (O(.) E n, Bm >
particular cases. When the limit technique is applied. After defining 1

the polynomial by R.K. Singh [6,7,8], the series representation l—-a—n
elementary properties of Hypergeometric form and recurrence

relations have been obtained. Moreover, one contiguous relation has n—ht —-n+A.Bm:
also been deduced the paper is concluded by giving some interesting C)l * Z (OL) _k X z b B - pm
results and  then  deducing  Hypergeometric  form  for n=0 m= l—oo—n+XA

(B
Q" (x:0,0,6,2). Equating the coefficients of t" on both sides, we have

m+1 2
n,.m b

n—\
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n > -
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—n+2A, Bm (22)
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~ —m—1
1. Definition: We define the sequence {Qm,ﬁ) (x;a,b, ¢ k)}” by Z b -F
n sy Uy Ly =0 m= l_a_n_'_?\_’
The relation 2.2) may put in the form

(tjx _ —o 0 l A o n- }\( g ad S (Bm)
" (1 l’lt) o n IR R | q
. Q.7 (x;a,b,c,A) = E —
Zn 0Q< ®(x;a,b, c, k)l_ (f—at)ﬁ — (1.1) Z ( )=— Z{;; n—q- |_ “~ b

means of the generating relation.

where a, B, a, b, ¢ are real numbers and A is non-negative _ c'” Z Z Y(a)n—q—Ai x4 a’f, (b,B)
integer. o
2. Series representation: By definition b 155 IL”’ lﬂ
A oc ( m)
o C[tj (1 o Xt)ia where fq (b, B) — Z Bbm q (23)
(o.p) 2 < m=0
nz(; Q.7 (b, e, )7 ]_ d—at)® —b Hence, we obtain the series form as
) QP (x;a,b,c,\) = |=n ¢ i () g X"
C| — o nan B —1 n 9 Gy Ly Vs _ _ 7\‘
. C Z (Ot)n Xt 1 . (1 — at) t q=0 n q
(—a) < [n b 2%, (b.B) 24)

B Cl—x i (a)n Xntn+7» i (1 _ at)fﬁm E
= o) |£ b™ where fq(b,B) is defined in (2.3). The relation (2.2) may be
n=0 written in the form

- - n+7\‘ = —A 1-A , n—XA
— (_C)I—K Z Z ((l )X t Z (B ) qtq QSLB) (X;a,b, c, 7\') _ Za:nz: (—1)(a)n_k]£ C X

n=0 m=0 I_ b™! a=0 9 120 p=0 n—k b™"'
_ -~ (o, )(Bm) x"adt" " L+, (Bryp a’ (2.5)
=(=©) Z Z m-+1 (I—a—n+2M)p|p x"

n,m=0 q=0 Iﬁ Iﬂ b

- (), X" 2%t (Bm), (.1
_( C) Z Z m+1
n,m=0 q=0 |_ b
VIR (Ot)antM (Bm)q (=n)y(Bm),; a®
_( C) nmz=o IE bm+1 ;(l_a_n)qm Xq
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Remarks: The series on the R.H.S. of (2.2) is convergent. If b
f(x,a,m+1)

f(x,a,m)

>1when | — 1im and

m—>a

a
— by - =
f(x,a.m) = ,F, no P x

1
1— o

Note: For simplicity, Qﬁa’ﬁ) (x;a,b,c,\) willbe

written as Q_ (X;a, b) and Qn (x; a, 0) stands for the

particular case when b = 0.

—n + A

3. Convergence of fy (b, B). By applying D’ Alembert’s
Ratio test, we have

u . PBn)qg

Iim—— =1imb
neu,,, nee s (B, + B,

Hence fy (b, B) is convergent. If b> 1 and divergent if b < 1.

If b =1 the limit of the nth terms is not zero. Hence the series
is divergent.

4. Conditions for existence of Q(na’ﬁ) (x;a,b,c,A)

(i) Eitherb=0orb>1

(i) a, B are real numbers and n is a non-negative integer
which are greater than A, b be a non-negative integer.

(iii) For the convergence of the polynomial se

Q;a’ﬁ) (x;a,b,c,\)., [t]< min{| x|, a |71}
5. Nature of the polynomial Q‘*" (x;a,b,c, )
(i) SinceQ!*?(x;a,b,c,A)=(-1)""Q, (-x;a,b,c, ).

This show that Q. (x; a, b) is an eve or odd Polynomial

according as n — A is even or odd.
(i) From the relation (2.2), it is clear that

Q. .(x;a,b)=Ax"" +7m__,_,
c' (), € (), and T,

EETYES)
degree (n — A —1). Thus Q, (X; a, b) is a polynomial of degree
n—\ in x.

= Db

where _,1s a polynomial of

I

(iii) Q, (x;a,b) = I_ = a constant. Thus, the
1-b

polynomial will exist only for n > A

6. Relationship between Qn (x, a, b) and other polynomials:

The set {qua,B) (x;a,b,c, 7\.)} defined by (2.1) is a
generalization  of  the
{D (x; a?»)}
replace x by x/a, a by 1/B, b by a and ¢ = 2, then

Q;“B)(X é a,2 xj
(04

ZD (xa7\.)

sequence  of  polynomials

gives by Karande and Thakare [3]. If we

O Lim

min(|ol,|B)—>e0

e

[r
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(i) The polynomial {Q(“’ﬁ)(x;a,b,c,K)}Wﬂl be

Lim

min{|o,|B[}—>oc

(ii1) Similarly

Lim

min{|ol,|B[} —>oc

Bernoulli Polynomials given by Rai P.N. and Singh S.N. [4],
Ba(x) if we Replace x by x/oy aby I/Band putb=1,A=1,¢
= 1. So that
QP [3 Lo 1]
o B
text oC t
= = B (x)—
et _ 1 ; n( ) n
@p | X 1
Qn N 19 29 O
a B
2 xt oc tn
== =>E.(0
e'+1 “= [n
where Eq(x) is the Euler polynomials, our polynomial becomes
Eulerian if we replace x by X ,a by 1 andBby 1 andcby

o B n
( 1);Sothat
1+—
n
Q- [i,l,l,1+l,0j
a B n n

1 Xt
1 +—1° (1 ) Xt o0 tn
n —T)e
fd = fd X’ —_—
LT ime e
n
whered (x,m) is Eulerian Polynomial defined by Carlicz [1]

(V) Lim

min{|al,|B}—ec

(v) Similarly,

Lim Qen|[X L)t 1
min{|a,|B[}—>oc n o ’ B > et +1 2

where Gy(x) is Genocchi Polynomial.
1 J -B (Bernoulli number)

™ g 50 Qe [0,—,1,1,1
B
(Vii)Q(%B) 11 _120|=E (Euler’s number)
o {lodpli—eo | o B> 7 n
(viii) QW» 1 “LL1, _ 1 G (Genocchi number)
n B—oc B 2

7. Series Representation continued: The relation (2.1) may
put in the form

nZ(;Q(""B)(x a,b,c, X)I_

n (X)
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=iQi“’B><o;a,b,c,x>%i%
n

which is ﬁnally gives

QP (x;a,b,c, k) = Z(HJ
T

n=0

Q“P(0,a,b,¢,1)x"" (@), , "V

Alternatively, we may put (7.1) in the form

QP (x;a,b) =Z( Jx (@), QP (03a,b,¢,1) 72
=0 r

Remarks: We may define the Q, numbers for x = 0 and

1 by mean of generating relation
a —

B
_ o c(tj (73)
ZQn T CfB
n=0 Iﬂ [1 . L b
B
As such
tY Y
e ) (e
Li - = =
Blmu ;Qn I_

Lim 5 =—
B—>oc t e_b
[pj b
B

Now, when A = b =1 and ¢ = 2, Q, becomes the Bernoulli
number B, [Rainville 1960 P — 200(4)], [5].
8. Recurrence Relations: Differential Recurrence relations

from the definition.
A
[tj (1— xt)
P (x:a,b,c, A ¢
;Q ( )|_ (1—at)™® —b

Differentiating on both sides with respect to x.

t\* Y
e C(Cj (1—xt)

= d
— ;a,b)— t)(1—xt)™"
2 g Qb = — (@ —xt)
— az Qn (XIL;laab) Xrtn+r+l
r=0
o  n—l1 ren
_ anrfl (X; aib)x t
“ 22 ln—rol
Hence

.0, (xiab) - OCLZQHH(X_?_bl) XL s

leferentlatmg again with respect to x, we have

z Q (X, ,b) za(a—i_l)lQE (X a b) n+2( _Xt)—Z

48
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(Z)r Xrtn+r+2
, r
_ (oc)2<2) Qn . 2(x a,b)x"t"

(a)z (2)r Qn—r—Z (X9 aﬂ b)Xrlﬂ (82)

pry r [n—r-2

Contmulng the above process p times, we have

a.b) = Z( @), (0),Q, ., ,(x;a,b)n x" (g3
pry n—-r—p |r

9. Mixed Recurrence Relations: Differentiating both sides
of (2.1) with respect to X,

.(x;a,b)

Therefore

<4 o c(j (1—xt) !
(oB) (- r C
S QT Cxab) s

Lt dX n s Ay m
oc QfloH—l’B)(X;a,b).th

n=0 IE

Equating coefficients of t" on both sides,

di Q(“ﬁ)(x a,b)=a, nQ“HB(X a,b)

Differentiating again w.r.t. X,

HZ(; dd22 Q(a .B) (X a, b)E

a(o+ l)c(cj (1—xt) "2,

(1—at) " —
_ = (), Q™ (x32,b) o
= Z o t

Which on comparison of coefficients of t" yields

Q(“B’(X a,b) =(a),

Contmumg on the same lines

=

9.1)

I_ a+2, B(X a b) (9 2)
[n—2

d’ (o), I_
o AP sa.b) = oo P (x;a,b) ©3)
In particular, if r =n — A, then

d" o), ,nc

n_}\’QaB( ab)—( )n ?\,I—

dx 1-b
This result shows that Q;“’B)(x;a,b,c,k) is polynomial

= aconstant (9.4)

of degree n — A in x,
10. Mixed recurrence relations (continued):
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(i) By definition
IR ) K
2. 8 ) = 0 Zan " = b
c[tjK (1— xt)™“
N (1C mpreeam O

_ Z Qn(X;aab) thn+m
n,m=0 IE

—ZZQH rn(Xab) > G

n=0 m=0
Therefore
(a+1,B) I_
x;a,b x;a,b).x" (10.1)
Q, " (x;a,b)= ZQH m(X;2,b). —
(i1) By definition
A
3 - c(t) (11— xt)™!
o—1,B . b I C
2, QM esa by (—a0) * b
—(l—xt)nz(;Q (x;a, b)E
n+1

t
= Qn(x;a,b)——x Q,(x;a,b)
> ri> n
Thus, we get

QP (x;2,b) =Q, (x;a,b) —xnQ, , (x;a,b)
OR

Q,(x;a,b) = QP (x;a,b) +xn Q, ,(x;a,b) (102)
(iil) Again

; i c[ j (1—xt)™
> QU (xia, by = (1 - xt)> —

[n

— (1-2xt + x2t7) S QG tE

n=0 n

=iQ (x;a, b)E—ZxZQ (x;a,b) E

n+2

[n

[n (1—at)® —b

+x ZQ (x;a,b)~

Therefore
QM (x;a,b) =Q, (x;a,b) —2xnQ,_,(x;a,b)
+n(n —1)x°Q, ,(x;a,b)
OR
Q, (x;a,b) —2xnQ, ,(x;a,b) = Q" *P(x;a,b)
—nn—-1))x’Q, ,(x;a,b)  (103)
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c[tj (1= xt)™
< (t/c)

V3 Q" (xia,b,e,h+1) =
-0

In (d-at)®-b
1& ™!

_EHZ:;‘Q“(X’a’b) [n
Therefore,
cQ, (x;a,b,c,A+1)=n Q_ _ ,(x;a,b) (10.4)
In particular,
(1) 2D, (xX:b,A+1)=n D,__,(x,b,A)
(ii) 2B, (x)=n D,__ (r,1,0)
(ii) 2E, (x)=n D, (x,—1,—1)

(iv) Mo, (x,m) =n(n—DD,, [X,i’—lj
n

Similarly, we get
(V) ¢’Q, (x;a,b,c,A+2)=n(n—1)Q, ,(x;a,b,c, )

(Vl) rQ (X a, b c, }L+r)_[ anr(x;a,b,c,X)
n

where [rj:n(n_l) ________ (n—r—+1)
n

Further,

(10.5)

tY .
o ¢ C(Cj (I—Xt) " 1
nZ:OQn(x;a,b,c,k—l)E: 1—a0" b (Z)

= CiQn (X;a,b)tE

(10.6)

Hence
nQn—l (X; a, b9 C, A— 1) = ch (X; a, b)
Similarly,

[ZJQH (x'a,b,c,A—2) = Q, (x;a,b) (107
n

[r )in (x;a,b,c,A—r)=c'Q, (x;a,b) (10.8)
n

11. Contiguous Relations: The result (10.2) in the form of
contiguous polynomials, Carlson B.C. [2], can be written as
Q*P(x,a,b) =Q{* " (x;a,b) + xnQ " (x;a,b)
Similarly, the results (10.4) can be written as
cQ*?(x,a,b,c,A) =nQ*P (x;a,b)
climinating the term Q_ (x;a,b), we finally get
Qrf(x3a,b,c,A) = QP (x5a,b,c, 1)
+Q%P(x;a,b,c,A)ex

12. Some Interesting Results: From the definition

(11.1)

21
¢ c() (1—xt)7>“
(20.,2B) bz 2% C
nZ;,Q (8. b% e ) 1 —an ™ — b
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x
c d—at)®—b d—at)?P +b

tn+m [1]

1 < (o,B) (o,B)
— P (x;a,b,c,A), Q" (x;a,—b,c, A
I ), QU ( T o

[3]

i Z Q) (x3a,b,¢, QWP (x;a,—b,c, M)t"
n=0 m=0 I—n —m Im

Equating coefficients of t" both sides, we have

QP (x;a,b%,¢,21) o

1 Zﬂ 0o s (o)
= Qn_)m (X; a, b, C, 7\')(Qm ’ (X;aa_ba C, 7\’)[7]
c“=\m

1
© [4]

[8]
1 & (n
N Zr;[mj Q. m(x:2,b)Q, (x;2,—b)
(12.1)

50
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e . ) . using the relation (12.1) the following condition obtained
j (I —xt) c () 1 —xt) which are believed to be new on once.
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