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Abstract— This paper presents new iterative method of order eight for
solving nonlinear algebraic equations. The method was derived based
on the Taylor’s series expansion and Halley’s method. The
convergence analysis of the new method was discussed and it has
eighth order of convergence. Several numerical examples were given
and show that the new method is comparable with the well-known
existing methods of the same order.
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l. INTRODUCTION

The method of solving nonlinear equation f(x) =0 , have
being discussed by large number of researchers. The most
famous method discovered by Newton known as Newton's
method can be derived from the first two terms of Taylor's
series expansion of f(x). That is

f(x) = f(xo) + (x — x0)f " (x0) (1)
Putting f(x) = 0 and solving for x in Eqn.(1) we have
X=X~ ;f'(gc?) )
Hence, we can write this in iterative form as

f(xn) (3)

Xn+1 = Xn — )

The Newton's method has second order of convergence.

Many researchers try to improve Newton's method in order
to get more accuracy and higher order convergence. For
example, Weerakoon and Fernando (2000) modified the
Newton's method using the trapezoidal rule to produce Newton
trapezoidal method. Homeier (2005) modified Newton's
method using the inverse function and also produces cubic
convergence. Related researches have been conducted by
Abbasbandy(2003), Frontini(2003), Ozban(2004),Chun(2006),
He (2003) and Jayaraman(2016) and many more.

Halley (1964), extended the Newton's method to the third
term of the Taylor's series expansion of f (x). That is

) = fo) + G — x)f (o) + E22C 7 () (4)

Putting f(x) = 0 and taking (x — x,) as common factor we

get
0= f(xo) + (x = %) [ Gxo) + EZ2 7 (o) (5)
Rearranging Eqgn.(5) we have
f(x0)

=x, — 6
X0 T e =) x0) ©)
from Eq.(2). we have x = x, — % , upon substituting this

0

in Eq.(6) we have
_ 2f (xo) f' (o) (7)
2(f" (x0))2=f (xo) f"" (x0)
Hence, we can write this in iterative form as

X = Xg

2f (xo)f’ (x0)
X0 T T o) = F o) (xo) ®)
The Halley's method has third order of convergence. Many
researchers try to improve Halley's method either by increasing
the order of convergence or by reducing the number of
functions evaluation in iteration. For example, Noor (2007),
Hafiz and Al-Goria (2012), Kumar et al. (2018) and many more.
In this paper, we present new iterative method. We derived the
method using the first three terms of Taylor's series expansion
of f(x) and use of the Halley's method within the expansion.
The new introduced method has eighth order of convergence.

X =

Il.  THE NEwW METHOD

Consider the nonlinear equation of the type f(x) = 0 where
f(x) is a real function, sufficiently differentiable, defined on a
real interval I.

For simplicity, assume that « € I is a zero for f(x), that is
f(a) =0 and assume that x, is an initial guess sufficiently
close to @. We obtain from Taylor's series expansion of the
function f(x) that

£ (o) + (x = x0)f (o) + E2 (g + S0 £ () =

0 9)
Reordering Eq.(9) gives
flxo)  (=x0)® f""(x0)  (x=x0)® f"""(x0)
XZX0 T 0y T 2 e 6 f'Gxo) (10)
Now, from according to Solaiman and Hashim (2018)
x_x0=_f(xo) _
f(x0)
2(f (x0))2f! (o) f" (x0) (11)

4(F (o)) *—4f (xo) (F (40))* £ (o) + (f (o)) 2 (F (x0))?

Substituting Eq.(11) in Eq.[10] gives

f(xo0) _

f'(x0)

(FGx0) 1 )[4 (o)) =27 o) (7 Gx) 77" Cxod# (7 o)) (7 (x0)) |

3 2 4
2(f'(x0)) [—Z(f’(xo)) +f( xo)f”(xo)]

X = Xog —

2

(7Gx [#(r Cxo)) =27 o) (1 o)) £ o+ (o) (77 )| 77

4 2 6
6(F'(x0))*[~2(F'(x0))" +£ (x0) "' (x0)]
(12)
2.1 Algorithm: For a given x,, compute the approximate
solution x,,,, by the following iterative scheme

fxn)
Yn = Xn — f’(xr;) (13)
()
Xn+1 = Yn — Jf'()),/n) -
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(FO) F )[40 () =27 ) (7 )£ )+ (F o)) (" ()] N
207 )’ [-20F )+ ) ()|
()[40 ) =2F ) (F ) £ o+ (F ) (£ o)) ] £ (o)
6(F () [-20F () + £ ) ()|

(14)

I1l.  CONVERGENCE ANALYSIS

Now, we shall discuss the convergence analysis of algorithm
2.1.

3.1 Theorem:

Let «a €1 be a simple zero of a sufficiently differentiable
function f:ISR—-=R in an open interval I. If x, is
sufficiently close to a, then the method defined by algorithm
2.1 is of eighth order of convergence.

3.1.1 Proof:

Consider @ isarootof f(x) andlet e, = x,, — a betheerror
at the nth iteration. By using Taylor's series about x = &« we
have:

f(x,) = fl(a)[e, + cpe2 + cze3 + chep + -] Where
_ 15w _
=il k=234 (15)
from Eqn.(15) we have
f'(x) = f' (@)1 + 2c,e, + 3cze2 + 4cued + -+ ] (16)
Then from Eqns.(15) and (16) we have:
f,(x") =e, —ce2 — (2c; — 2c¢2)e3 — (3cy, — 7cpc5 +
f'(x0)
4cd)epy + - 17)

Using Eqgn.(17) we can write y,, in algorithm 2.1 as
Yu = @+ c ez + (2c; — 2c2)e3 + (3¢, — Tcyc5 + 4¢3 ey +
(18)

Expanding f (y,.), f'n), £ () and f"'(3,,) about « and
using Eqn.(18) we get

fOR) = F@ + O — Of (@) + 2L £ (a) +
(J’n_a)3 f”’(oc) 4o

6
= f'(a)[cye2 + (2c; — 2¢2)e3 + (3¢, — Tcyc5 +
4c3)eq + -1 (19)

F'Ow) = (@) + G — f " (@) + 22 £ (a) +
@f@)(@ .

= f'(@)[1 + 2c2e? + (4cyc3 — 4c3)ed + (6cycq —
11c2c; + 8cHeft + -] (20)

' On) = £(@) + O — f " (@) + 222 f @ (q) +
@f@(a) .

2¢, + 6¢yc3e2 + (12¢2 — 12¢3¢3)ed ]

=f' 21

f'(@ [+(24czzc3 —42c¢,c3 + 12¢Zc, + 18c,c4) et -ZI- . @D

On —a@)
F0m) = 7@ + 0 — f V(@) + 2 O@)
3
—a
n %f@(a) 4o
_ (@) 6c3 + 24c,c,e2 + (48c3c, — 48cyc4)es 22)
+(96¢3cy — 168c,c5¢4 + 722 + 60c3cs)ep + -

Substituting EQgs.(19)-(22) into Eq.(14) in algorithm 2.1 we
obtain
Xni1 = @+ (cycs — 2525C3)e1§1 +0(ey) (23)
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Implying that
ens1 = (cFcy — 2¢5c3)ef + 0(ey) (24)
Hence algorithm 2.1 has at least eighth order of convergence

IV.  NUMERICAL EXAMPLES
Consider the following test examples:

i) =@Ex-1)°-1
f(x) =x3-10
fs(x) =x3+4x2 - 10
fa(x) =cosx —x
fs(x) = (sinx)? —x% +1

We compare the new method with Newton’s method,
Halley’s method, (NR) method proposed by Noor (2007) and
modified Halley’s method (MHM) proposed by Solaiman
(2018).

Table 1 shows the number of iteration n such that the
stopping criterion is satisfied, the approximate zero x,, and the
computational order of convergence (COC).

TABLE 1.
Method n X, COC
f1(),
Xo = 2.5
Newton 7 2 2
Halley 5 2 3
NR 3 2 6
MHM 3 2 6
NM 3 2 8
(), o =
2
Newton 5 2.154434690031884 2
Halley 4 2.154434690031884 3
NR 3 2.154434690031884 6
MHM 3 2.154434690031884 6
NM 2 2.154434690031884 8
fs(), %0 =
1
Newton 5 1.3652300134140969 2
Halley 4 1.3652300134140969 3
NR 4 1.3652300134140969 6
MHM 3 1.3652300134140969 6
NM 3 1.3652300134140969 8
fa(x),
Xy =17
Newton 5 0.7390851332151607 2
Halley 5 0.7390851332151607 3
NR 3 0.7390851332151607 6
MHM 3 0.7390851332151607 6
NM 3 0.7390851332151607 8
f5(0), o =
1
Newton 7 1.4044916482153413 2
Halley 5 1.4044916482153413 3
NR 4 1.4044916482153413 6
MHM 3 1.4044916482153413 6
NM 3 1.4044916482153413 8

V. CONCLUSION

In this paper we considered developing new iterative
method of order eight for solving nonlinear equations. The
method was derived using Taylor’s series expansion and
Halley’s method. The order of convergence has been
established and proved to be of the eighth order. Five examples
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were tested. It is observed that the method can be competitive ~ [6]. He, t?- H-A(2(|>_0f;)'-vI /?h nem{. iteraéi%n metth?_d f01r358(<il)viglg legebraic
i} ; foti equations. Applied Mathematics and Computation, , 81-84.
to those well-known methods and also improve the existing [7]. Homeier, H. H. (2005). On Newton-type methods with cubic
methods. convergence. Journal of computational and applied mathematics, 176(2),
425-432.
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