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Abstract— In this paper, the optimal homotopy Asymptotic method 

(OHAM) is used to solve the velocity and heat equation of 

magnetohydrodynamic squeezing flow under the effect of thermal 

radiation between two parallel disks. The nonlinear partial differential 

equations are transformed into nonlinear ordinary differential 

equations by similarity transformation. The effects of different physical 

parameters on velocities and fluid temperature are graphed and 

discussed. OHAM gives exact solutions in a single iteration, 

Otherwise, it provides numerical results that are very close to exact 

results. 

 

Keywords— Squeezing flow. OHAM. Magnetic field. Thermal 

radiation. 

I. INTRODUCTION  

Squeeze flow is a sort of flow in which a substance is forced 

out or deformed between two parallel plates or objects (also 

known as squeeze flow, squeeze flow theory, or squeezing 

flow). Applications for Squeeze flow include transient loading 

of mechanical components, food processing, polymer 

processing, flow through arteries, and other industrial, 

biological, and engineering processes. Moving pistons, 

squeezed film in power transmission, chocolate filler, injection 

modeling, and bearings with liquid metal lubrication. Under 

some extreme operating conditions, magnetohydrodynamic 

(MHD) fluid may be used as a lubricant to prevent the 

unexpected variation of lubricant viscosity with temperature.in 

(1874) Stefan studied the effect of lubrication approximation on 

squeezing flow. Rashidi et al. [1] Investigated the flow of a 

viscous, incompressible fluid caused by the regular motion of 

two parallel plates. Siddiqui et al [2]. used the Homotopy 

Perturbation method to analyze viscus squeeze flow under the 

effect of MHD between infinite parallel plates. Mahmood et al 

[3] reviewed the characteristics of the viscous fluid squeezed 

through a porous channel. G. Domairry and A. Aziz [4] used 

the Homotopy Perturbation method to analyze viscus squeeze 

flow under the effect of MHD between infinite parallel disks. 

Khaled, K. Vafai [5] studied the flow and heat transfer over a 

horizontal surface in an externally squeezed free stream under 

the effect of the MHD. Duwairi et al [6] studied the unsteady 

viscous fluid squeezed between parallel plates at a constant 

temperature. The magnetohydrodynamic squeeze flow between 

two parallel disks has been examined, considering the disk 

porosity by Joneidi et al. [7]. Muhammad et al. [8] investigated 

the magnetohydrodynamic (MHD) Jeffrey fluid's time-

dependent squeezing flow between two parallel walls. Hayat et 

al [9]u sed HAM to solve the velocity and temperature of the 

MHD squeeze flow between two parallel disks and compare the 

results with G. Domairry and A. Aziz [4]. Usman et al [10] 

studied the flow and the heat transfer of the blood under the 

effect of the magnetic field through porous vessels. Çelik et al 

[11] solved the velocity and heat equations of MHD squeeze 

flow between two parallel two disks by GWCM. Ganesh Kumar 

et.al. [12]  

made a numerical investigation of tangent hyperbolic fluid 

squeezed over a sensor surface with changing thermal 

conductivity. The impact of thermal radiation, nanoparticle 

type, and concentration on heat transfer flux and skin friction 

on each plate was examined using the numerical method. Ullah 

et.al [13] introduced a variety of solutions to the problem of 

squeezing fluid between two plates. They investigated in their 

study the (HPM) and (OHAM). Noor et al. [14] studied 

numerically the impact of the thermal radiation, chemical 

reactions and heat generation on the MHD Jeffery squeeze 

fluid. Mufti et al [15] gave an algorism for solving the system 

of second-order boundary value problems by OHAM.  

In this study, we used the optimal homotopy Asymptotic 

method (OHAM) to solve the unsteady squeeze flow of viscus 

fluid between two parallel disks under the effect of thermal 

radiation and Magnetic field and compare the results with 

Gegenbauer Wavelet Collocation Method results.  

II. MATHEMATICAL FORMULATION 

Two parallel infinite disks between them an unsteady 

incompressible flow of viscous fluid and heat transfer  under the 

effect of thermal radiation. the lower disk is permeable and 

fixed shown in Fig. 1. The distance between the parallel disks: 

ℎ(𝑡) = 𝐻(1 − 𝜉 𝑡)
1

2,  𝐻 means the initial position of the upper 

disks from the lower disk at time 𝑡 = 0, 𝜉 is characteristic 

parameter taking the dimension of time inverse; when 𝜉 > 0 

the upper disk moves with velocity 𝑣(𝑡) =
𝑑ℎ

𝑑𝑡
  towards the 

lower disk until touches it at 𝑡 ≃
1

𝜉 
  , when 𝜉 < 0 the upper disk 

moves away from the lower disk. A uniform magnetic field 

perpendicular to the disks relative with 𝐵(𝑡) = 𝐵0(1 − 𝜉 𝑡)
−
1

2 ; 
𝐵0 is the initial intensity of the magnetic field. The induced 
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magnetic field is neglected. the cylindrical coordinates 

system (𝑟, 𝜑, 𝑧)  is chosen. 

 

The giving equations in the cylindrical coordinates system for 

the two dimensional of an unsteady incompressible flow of 

viscous fluid and heat transfer: [11] 
𝛛𝐮

𝛛𝐫
+
𝐮

𝐫
+
𝛛𝐰

𝛛𝐳
= 𝟎 (1) 

𝛒 (
𝛛𝐮

𝛛𝐭
+ 𝐮

𝛛𝐮

𝛛𝐭
+ 𝐰

𝛛𝐮

𝛛𝐳
)

= −
𝛛𝐩

𝛛𝐫

+ µ(
𝛛𝟐𝐮

𝛛𝐫𝟐
+
𝛛𝟐𝐮

𝛛𝐳𝟐
+
𝟏

𝐫

𝛛𝐮

𝛛𝐫
−
𝐮

𝐫𝟐
)

− 𝛔𝐁𝟐(𝐭)𝐮 

(2) 

  𝛒 (
𝛛𝐰

𝛛𝐭
+ 𝐮

𝛛𝐰

𝛛𝐫
+𝐰

𝛛𝐰

𝛛𝐳
) = −

𝛛𝐩

𝛛𝐳
+ µ(

𝛛𝟐𝐰

𝛛𝐫𝟐
+

𝛛𝟐𝐰

𝛛𝐳𝟐
+

𝟏

𝐫

𝛛𝐰

𝛛𝐫
) 

(3) 

𝛛𝐓

𝛛𝐭
+ 𝐮

𝛛𝐓

𝛛𝐫
+ 𝐰

𝛛𝐓

𝛛𝐳

=
𝐤

𝛒𝐜𝐩
 (
𝛛𝟐𝐓

𝛛𝐫𝟐
+
𝛛𝟐𝐓

𝛛𝐙𝟐
+
𝟏

𝐫

𝛛𝐓

𝛛𝐫
)

+
µ

𝛒𝐜𝐩
[𝟐
𝐮𝟐

𝐫𝟐
+ (

𝛛𝐮

𝛛𝐳
)
𝟐

+ 𝟐(
𝛛𝐰

𝛛𝐳
)
𝟐

+ 𝟐(
𝛛𝐮

𝛛𝐫
)
𝟐

+ 𝟐 (
𝛛𝐰

𝛛𝐫
)
𝟐

+ 𝟐
𝛛𝐮

𝛛𝐳

𝛛𝐰

𝛛𝐫
]

+
𝟏

𝛒𝐜𝐩

𝟏𝟔𝛔∗𝐓𝟎
𝟑

𝟑𝐤∗
(
𝛛𝟐𝐓

𝛛𝐫𝟐
+
𝛛𝟐𝐓

𝛛𝐙𝟐

+
𝟏

𝐫

𝛛𝐓

𝛛𝐫
) 

 

(4) 

 

Where 𝛒𝐜𝐩 is the heat capacity, 𝐊 refers to thermal 

conductivity, 𝐏 is the Pressure, 𝛒 is the density.µ Refers to 

dynamic viscosity, 𝐮 and 𝐰 are the components of the velocity 

in r and 𝐳 directions respectively.𝐓 is the temperature. 

The boundary conditions of these equations:  

 𝐮 = 𝟎,𝐰 =
𝐝𝐡

𝐝𝐭
, 𝐓 = 𝐓𝐇, 𝐚𝐭 𝐳 = 𝐡(𝐭)    (5) 

𝐮 = 𝟎,𝐰 = −𝐰𝟎, 𝐓 = 𝐓𝐰, 𝐚𝐭 𝐳 = 𝟎    (6) 

Where 𝐰𝟎 refers to the suction or injection velocity. 

The giving partial differential equations are transformed into 

ordinary differential equations by using dimensionless variable 

𝛈  and the functions 𝐠 (𝛈), 𝛝(𝛈) are defined as: 

𝐮 =
𝛏𝐫

𝟐(𝟏 − 𝛏𝐭)
𝐠′(𝛈),𝐰 =

−𝛏𝐇

𝐇√(𝟏 − 𝛏𝐭)
𝐠(𝛈) (7) 

𝛝 =
𝐓 − 𝐓𝐇
𝐓𝐰 − 𝐓𝐇 

 , 𝛈 =
𝐳

𝐇√𝟏 − 𝛏𝐭
 (8) 

Substation by the above variables in the given system of 

equations, the given boundary conditions, and removing the 

Pressure gradient the following ordinary differential equations 

can be obtained: 

   g′′′′ − Ɣ(ηg′′′ + 3g′′ − 2gg′′′ ) − (Ha)2g′′ = 0 

 
(9) 

(1 +
4

3
Rd)ϑ′′ + Pr. Ɣ(2gϑ′ −  η. ϑ′)

+ Pr. Ec((g′′)2 + 12δ2(g′)2) = 0 

(10) 

g(0) = A, g′(0) = 0, ϑ(0) = 1 (11) 

g(1) =
1

2
, g′(1) = 0, ϑ(1) = 0 (12) 

Where: v =
μ

ρ
 , Rd =

4σ∗T0
3

k∗ k
, Ec =

ξ2r2

4(1−αt)2Cp (TW−TH)
, Ha =

(
σ

μ
)

1

2
 HB0 , Pr =

μCp

k
, δ =  

H(1−ξt)
1
2

r
, 

Ɣ =
ξH2

2 v
  is the kinematic viscosity, radiation parameter, Ecker 

number, Hartman number, Prandtl number, dimensionless 

length, and the squeeze number, respectively. When the upper 

disk moves toward the fixed lower disk Ɣ < 0 , the upper disk 

moves away from the fixed lower disk Ɣ > 0 . 

III. THE OPTIMAL HOMOTOPY ASYMPTOTIC METHOD 

(OHAM)  

A useful technique for nonlinear differential equations is the 

optimal homotopy asymptotic method. The convergence of the 

series solutions is controlled by one or more parameters in this 

method, which can be found by minimizing a certain function. 

It is employed in this work to solve the squeezing flows 

between two parallel disks under the effect of magnetic field 

and thermal radiation to estimate the solution of the velocity 

and heat equations. the OHAM [16] divides the main system 

terms into linear and nonlinear with the aid of a nonzero 

auxiliary function H(P) = ∑ pkn
k=0 ck  which Pis the control 

parameter and  ck refer to the convergence controlling constants 

. P Take values from 0 to 1, when P = 0 we get the linear term, 

P = 1 the nonlinear term appears. That implies that when p 

changes from 0 to 1, the solution approaches creating the family 

equations of homotopy with the ckconvergence control 

constants. We determine these constants by resolving the 

problem's residual. we solved the system by using Mathematica 

software. The system's family equations are shown in the 

following equations. 

Zero order 

 

Fig. 1   :  physical and Geometry model of the problem 
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g0(4) = 0 

ϑ0′′ = 0 

g0[1] = 0.5, g0′[1] = 0, g0[0] = A, g0′[0]
= 0, ϑ0[0] = 1, ϑ0[1] = 0 

 

(11) 

First order 

g1(4) = g0(4) − C1Hag0′′ − 3C1Ɣg0′′

+ 2C1g0Ɣg0(3) − C1Ɣηg0(3)

+ C1Ɣg0(4) 

 ϑ1′′ = ϑ0′′ +
36C2Ecprδ(g0′)2

3+4Rd
+

6C2g0prƔϑ0′

3+4Rd
−

3C2prƔηϑ0′

3+4Rd
+

3C2Ecpr(g0′′)2

3+4Rd
+ C2ϑ0′′ 

 

g1[0] = 0, g1′[0] = 0, g1[1] = 0, g1′[1]
= 0, ϑ1[0] = 0, ϑ1[1] = 0 

 

(12) 

Second order 

g2(4) = g1(4) − C1Hag1′′ − 3C1Ɣg1′′

+ 2C1f1Ɣg0(3) + 2C1g0Ɣg1(3)

− C1Ɣηg1(3) + C1g1(4) 

ϑ2′′ = ϑ1′′ +
72C2Ecprδg0′g1′

3 + 4Rd
+
6C2g1prƔϑ0′

3 + 4Rd

+
6C2g0prƔϑ1′

3 + 4Rd
−
3C2prƔηϑ1′

3 + 4Rd

+
6C2Ecprg0′′g1′′

3 + 4Rd
+ C2ϑ1′′ 

g2[0] = 0,   g2′[0] = 0,   g2[1] = 0,   g2′[1]
= 0, ϑ2[0] = 0, ϑ2[1] = 0 

 

(13) 

And so, on the general solution of the given system 

g(𝜂, 𝑐1) = g0 + g1 + g2 + g3 + ⋯   

ϑ(𝜂, 𝑐2) = ϑ0 + ϑ1 + ϑ2 + ⋯ 

By solving the problem's residual, we get the constants 

 c1 = −0.99909263, c2 = −1.0008509, g′′(1) =
−1.80863751, ϑ′(1) = −1.02408506 for pr = 0.7, A =
0.2, Ɣ = 0.2, Ha = 0.2, Ec = 0.1, δ = 0.1, Rd = 0.1 

IV. RESULTS AND DISCUSSION 

In this work, OHAM is used to get the solution of the 

velocity and heat equation for the MHD squeezing flow of 

viscous fluid under the effect of thermal radiation. The 

comparison between the  OHAM results of calculation skin 

friction coefficient g′′(1) Nusselt number−ϑ′(1) and GWCM 

results [11] by using the same values of parameters in TABLE 

I. It is noted that the OHAM results convergent with the GWCM 

results. The impact of the different parameters (squeeze 

parameter, squeeze number, Ecker number, Prandtl number, 

Hartman number) on the velocity components and the fluid 

temperature was studied for two cases suction at 𝐴 = 1 and 

injection at 𝐴 = −1. From equation (5) w and u are identified 

as vertical and axial velocities proportional to g(η) and 

g′ (η) respectively. Vertical and axial velocities depend on 

A, Ɣ and Ha parameters. The temperature of the fluid  𝜗(η) 
depends on parameters such as (Ɣ , Ha , Pr, Ec, 𝛿and Rd).in all 

Figures of 𝜗(η) the solid line indicates to 𝑅𝑑 = 0 , and the dash 

line indicates to 𝑅𝑑 = 0.5 . 
 

 

TABLE I. The comparison between the OHAM results and GWCM results [11] 

A S Ha 
−𝐠′′(𝟏) 
(OHAM) 

−𝐟′′(𝟏) 
Çelik et.al. [12] 

Error −𝛝′(𝟏) (OHAM) 
−𝛉′(𝟏) 

Çelik et .al. [11] 
Error 

-0.2 0.1 0.2 4.232052057 4.232066555 1.44983E-05 1.18024009 1.180239671 -4.19E-07 

-0.1 0.1 0.2 3.623050609 3.623059462 8.85279E-06 1.13169656 1.131697331 7.71E-07 

0 0.1 0.2 3.01552641 3.015530801 4.39093E-06 1.09056039 1.090561491 1.101E-06 

0.1 0.1 0.2 2.409477638 2.40947877 1.13212E-06 1.05680287 1.056804157 1.287E-06 

0.2 0.1 0.2 1.80490246 1.80490152 -9.40323E-07 1.03039624 1.030397406 1.166E-06 

-0.2 -0.3 0.2 4.113706822 4.113667297 -3.9525E-05 1.17342666 1.173427934 1.274E-06 

-0.2 -0.2 0.2 4.14362952 4.14360339 -2.613E-05 1.17510981 1.17511035 5.4E-07 

-0.2 0 0.2 4.2027984 4.2027992 8.00004E-07 1.17851678 1.178516632 -1.48E-07 

-0.2 0.2 0.2 4.261090175 4.261118482 2.8307E-05 1.18197688 1.181975445 -1.435E-06 

-0.2 0.3 0.2 4.289916492 4.289958577 4.2085E-05 1.18372687 1.183723576 -3.294E-06 

0.1 0.01 0.2 2.402387209 2.402387735 5.25921E-07 1.05814235 1.058142397 4.7E-08 

0.1 0.2 0.2 2.417349989 2.417351783 1.79364E-06 1.05531361 1.05531828 4.67E-06 

0.1 0.3 0.2 2.42521576 2.425218223 2.46316E-06 1.05382339 1.053833551 1.0161E-05 

0.1 0.1 0.01 2.407886732 2.407886734 2.26159E-09 1.05680282 1.056803864 1.044E-06 

0.1 0.1 0.1 2.408281637 2.408281835 1.97709E-07 1.05680283 1.056803935 1.105E-06 

0.1 0.1 0.2 2.409477638 2.40947877 1.13212E-06 1.05680287 1.056804157 1.287E-06 

 

Fig. 2, and 3: illustrate the changes of the vertical and radial 

velocities g(η), g′(η) with the changes of 𝐴 > 0 (the suction 

parameter). there is a direct relationship between the suction 

parameter and vertical velocity where both of them increase, 

and there is an inverse relation between the suction parameter 

and radial velocity, by increasing the suction parameter the 

radial velocity decreases. Fig.4:illustrates the increase of fluid 

temperature by increasing A (direct relation) with considering 

the effect of thermal radiation Rd. Fig 5,6,and 7:show the 

impact of 𝐴 > 0 (the injection parameter) on velocities 

g(η), g′(η) where the opposite happened with respect to the 

suction case  ,and the   fluid temperature was still the same in 

both cases .Fig.8,and 9 : illustration of the changes of the 

vertical, radial velocities with the changes of Ɣ (squeezing 

parameter); we obtain that by increasing Ɣ  the vertical velocity 

decreases; as same as the radial velocity near the fixed lower 

disk but increasing occurs near the moving upper disk 

zone.fig.10:describes the changes in fluid temperature which 

decreases by increasing Ɣ with considering the effect of thermal 

radiation Rd. The opposite happened in the case of injection for 
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the vertical, radial velocities and fluid temperature as shown in 

Fig. 11,12, and 13.  
 

 
Fig. 2: the impact of suction parameter on the vertical velocity 

 

 
Fig. 3: the impact of suction parameter on the radial velocity 

 

 
Fig. 4: the impact of suction parameter on the fluid temperature 

 

The fluid temperature is direct proportional with physical 

parameters (𝐸𝑐, Pr, 𝛿) in both cases (suction/injection) in 

Fig.14,15,16,17,18, and 19. The vertical and radial velocities 

are slightly affected with the change of  Ha parameter in cases 

(suction/injection) in Fig.20,21,23, and 24. The temperature of 

the fluid is inversely proportional to Ha parameter in both cases 

(suction /injection) in Fig.22, and 25 

 

 
Fig. 5: the impact of injection parameter on the vertical velocity 

 

 
Fig. 6 the impact of injection parameter on the radial velocity 

 

 

Fig. 7: the impact of injection parameter on the fluid temperature 
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Fig. 8: the impact of the squeezing parameter on the vertical velocity 
at A=1 

 

 

Fig. 9: the impact of the squeezing parameter on the radial velocity at 
A=1 

 

 

Fig. 10: the impact the squeezing parameter on the fluid temperature 
at A=1 

 

 
 

Fig. 11: the impact of the squeezing parameter on the vertical velocity 
at A= -1 

 

 
Fig. 12: the impact of the squeezing parameter on the radial velocity at 

A= -1 

 

 

Fig. 13: the impact the squeezing parameter on the fluid temperature 
at A= -1 
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Fig. 14: the impact the Ecker number on the fluid temperature at A=1 
 

 

Fig. 15: the impact the Ecker number on the fluid temperature at A=-1 

 

 

Fig. 16: the impact Prandtl number on the fluid temperature at A=1 

 

 

Fig. 17: the impact Prandtl number on the fluid temperature at A=-1 

 

 

Fig. 18: the impact δ on the fluid temperature at A = 1 

 

 
Fig. 19: the impact δ on the fluid temperature at A=-1 
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Fig. 20: the impact of Hartman number on the vertical velocity at A=1 

 

 

Fig. 21: the impact of Hartman number on the radial velocity at A=1 

 

 

Fig. 22: the impact of Hartman number on the fluid temperature at 

A=1 

 

 

Fig. 23: the impact of Hartman number on the vertical velocity at A=-1 

 

 

Fig. 24: the impact of Hartman number on the axial velocity at A=-1 

 

 

Fig. 25: the impact of Hartman number on the fluid temperature at 

A=-1 

V. CONCLUSION 

In this work, it is clear that the optimal homotopy 

asymptotic method can be successfully used to solve the system 

of the fourth order of nonlinear ordinary differential equations. 

This method is very simple to get the exact solution without the 
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need for the discretization of the variables. The results of this 

study were convergent with the Gegenbauer Wavelet 

Collocation Method results. It is clear that from all temperature 

graphs, increasing thermal radiation cause decreasing in the 

temperature of the fluid, and does not affect the velocities 

graphs.    
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