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Abstract—In this review article, we study recent developments on
completely monotonic sequences. Necessary conditions, sufficient
conditions, or necessary and sufficient conditions for a sequence to
be a completely monotonic sequence or minimal completely
monotonic sequence are introduced.
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I RECENT DEVELOPMENTS ON COMPLETELY MONOTONIC
AND RELATED SEQUENCES

We first recall the notion of a completely monotonic sequence.
Definition 1 ([17]). A sequence { ., }5°, is called completely

monotonic if

(—l)k:A’,",un >0, n,keNy,
where
ADJLLTL = Hn
and
Ak+ilu’-n = Akl’-*"-r1+l - Ak.u’n-

Here in Definition 1 and throughout the paper
Ng:={0}UN

and N is the set of all positive integers.

For completely monotonic sequences, the following is the
well-known Hausdorff's Theorem.
Theorem 2 ([17]). A sequence {u}5°, is completely
monotonic if and only if there exists a non - decreasing and
bounded function «:(#) on [0, 1] such that

1
Hn =] t"da(t), n € Np.
0

The following property of completely monotonic
sequences was established in [9].
Theorem 3 ([9]). Suppose that the sequence { i, }o5, is
completely monotonic. Then, for m, k € Ng

)k+lAk+l’um + Z

i=0

Widder [23] defined a sub-class of the class of
completely monotonic sequences as follows:
Definition 4 ([23]). A sequence { s, }22, is called minimal
completely monotonic if it is completely monotonic and if it
will not be completely monotonic when gt is replaced by a
number less than f1g.

For the class of minimal completely monotonic
sequences, Widder [23] proved the following result:
Theorem 5 ([23]). A sequence {jn}oc,, is minimal
completely monotonic if and only if there exists a non -
decreasing and bounded function «(%) on [0, 1] with

Hm = ( A Hm+41-

140

a(0) = a(0+)

such that
1
Lin =/ t"da(t), n € Np.
0

We also recall the notion of a completely monotonic
function, which is related to that of a completely monotonic
sequence.

Definition 6 ([1]). A function f is said to be completely
monotonic on an interval I if f is continuous on I, has
derivatives of all orders on /¢ (the interior of /') and for all
n € Ny

(—1)"f (@) 20, wel
The class of all completely monotonic functions on the
interval 7 is denoted by C'M (7).

There is a rich literature on completely monotonic
functions. For more recent work, see, for example, [2-16, 18-
22].

There exists a close relationship between completely
monotonic functions and completely monotonic sequences.
For example, [23] showed the following
Theorem 7 ([23]). Suppose that f € C'M[a,oc), then for
any § >0, the sequence {f(a+nd)}>>, is completely
monotonic.

Suppose that f € C'M [0, oc). By Theorem 7, we know
that the sequence { f(n) }>2, is completely monotonic.

On the other hand, for any given completely monotonic
sequence {, }2°,, we may ask whether there exists an
interpolating function f € C'M [0, oo) such that

f(n) = pyn, n € Np.
For this interpolation question, Widder [23] established
Theorem 8 ([23]). There exists a function f € C'M|0, o)
such that

J(n) = pn, neNy
if and only if the sequence {, }5°, is minimal completely
monotonic.

From Theorem 8, we see that the condition of minimal
complete monotonicity is critical for a sequence { /i, }5%, to
be interpolated by a completely monotonic function on the
interval [0, o0).

The following result in [7] deals with a general
interpolation question of completely monotonic sequences by
completely monotonic functions.

Theorem 9 ([7]). Suppose that the sequence {in}5° is

completely monotonic, then for any £ € (0, 1), there exists a
continuous interpolating function f () on the interval [0, oc)
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such that f|j, .jand f|[;, ») are both completely monotonic

and
f(n) = pin, n € Np.

Based on Theorem 9 the following result is also obtained
in [7].

Theorem 10 ([7]). Suppose that the sequence {ji,}oo, is
completely monotonic. Then there exists a completely
monotonic interpolating function g(z) on the interval [1, o)
such that

g(n) = pn, neN.

It should be noted that under the condition of Theorem 10
we cannot guarantee that there exists a completely monotonic
interpolating function g () on the interval [0, oo} such that

g(n) = p,, n € Np.

The following result [9] provides a necessary and
sufficient condition for a sequence to be completely
monotonic.

Theorem 11 ([9]). A necessary and sufficient condition for the
sequence {1, }5°, to be completely monotonic is that the

sequence { jip, 152 is completely monotonic, the series
oo

Z(*l)jﬁjm

J=0
converges and

o 2 Z(*l)jﬁjm .
i=0

In [22] the authors establish a sufficient condition, a
necessary and sufficient condition for a sequence to be
minimal completely monotonic as follows.

Theorem 12 ([22]). Suppose that the sequence {ji, }5°  is

n—=
completely monotonic and that the series
o0

Z(*l)j/—\jm
J=0

converges. Let
oo

EED B CSVENTE
j=0

Then the sequence

{10 1, p2, 3y }
is minimal completely monotonic.
Theorem 13 ([22]). A necessary and sufficient condition for
the sequence { /i, }o2, to be minimal completely monotonic is
that the sequence {p,}22, is completely monotonic, the

n—
series
oo

Z(*l)jﬂjm
J=0

converges, and
(e o]

po = Z(—I)JAJm.
§=0
The following two results which give some necessary
condition for a sequence to be completely monotonic or to be
minimal completely monotonic are presented in [21].
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Theorem 14 ([21]). Suppose that the sequence { i }5° , is
completely monotonic. Then, for any /. € N, the series
o0

Z(_l)jAjnUJm+l

=0

converges and
o

Hm = Z(_l)jAjM?'rH»l-
§=0
Theorem 15 ([21]). Suppose that the sequence { iy, }5° , is
minimal completely monotonic. Then, for any m € Ny, the
series

Z(fl)jAJ Hm+1

=0

converges and
o

Hm = Z(_l)jAjM?'rH»l-
i=0

Il. CONCLUSION

In this review article, we introduced recent developments
on completely monotonic sequences. Necessary conditions,
sufficient conditions, or necessary and sufficient conditions
for a sequence to be a completely monotonic sequence, or
minimal completely monotonic sequence are introduced.
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